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Abstract 
We present a binary quadratic optimization model for multi-capacitated three-level supply chain design including suppliers, 
distribution centers (DCs), and customer zones. Our model considers DC land, building and variable costs, and takes into account 
economies of scale. It is the inclusion of variable costs that makes the model quadratic. We present a series of model simplifications 
that allow for the solution of the model. We demonstrate the effectiveness of our model and model simplifications through the 
design of a real-world supply chain with 47 suppliers at fixed locations, 83 potential DCs and 2,976 fixed customer zones. 
 
© 2014 The Authors. Published by Elsevier B.V. 
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1. Introduction 
This paper was motivated by the case study of a company with 
an existing network of 2,976 customer zones, 13 distribution 
centers (DCs) and 47 suppliers. Each customer zone has a 
single delivery point and is served by a single DC. Each of the 
goods supplied to the DCs come from a single supplier, though 
the supplier might have multiple locations. The delivery units 
from suppliers to DCs are unique in-bound pallets of supplier 
provided goods; and the delivery unit from DCs to customer 
zones is an out-bound pallet of variable size containing several 
goods. 
 
The company asked for a technology to analyze their existing 
supply chain and to plan for growth.  Keeping the suppliers and 
customer zones fixed, the challenge was to determine the 
location and size of the DCs, from a set of 83 potential DC 
locations. We present a binary quadratic optimization model 
whose solution will determine DC selection and size as well as 
the DC to customer zone assignment. The objective is to 
minimize transportation costs, DC land costs, DC building cost 
and DC variable costs, taking into account economies of scale. 
 
The complexity of the supply chain was reduced by creating a 
standardized out-bound pallet by averaging the weekly delivery 
data from an existing large DC.  We also used the data to 
determine a fixed, known standardized pallet demand at each 
customer zone. We then aggregated the DC’s annual 
transportation costs (fuel, labor, insurance and maintenance), 
demand and kilometers driven to get a common cost per pallet 
per kilometer.  With this, we avoid the need to consider truck 
selection and routing in our model. 
 
To determine the DC cost functions we aggregated costs from 
similar sized DCs in the existing network and determined costs 
as functions of the number of standardized pallets output from 
a DC.  In terms of pallets per week, DC size is selected as either 
500, 2 500, 4 000, 5 000 or 10 000. 
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Once a DC is selected, it will receive goods from the nearest 
location of each of the suppliers.  Based on total customer 
demand of out-bound pallets from a DC we can apply a 
conversion factor to determine the in-bound pallets required by 
a DC from each supplier.  This conversion factor reflects the 
DC activity of receiving goods from the suppliers and 
repackaging them for the customers.  The delivery cost of the 
in-bound pallets is included in the model. 
 
After the literature review in Section 2, we present the model 
in Section 3, simplifications in Section 4, the case study in with 
computational results in Section 5 and then concluding remarks 
and acknowledgements. 
2.  Literature Review 
The review papers by Owen and Daskin [1] and Melo et al. [2] 
demonstrate the importance of supply chain design, including 
facility location and facility capacity selection. The un-
capacitated Facility Location (UFL) problem (c.f., Dearing [3]) 
minimizes the total supply chain costs such as transportation 
costs and fixed DC costs meeting the total demand of the 
supply chain. It also determines the assignment of customer 
zones to DCs. The integration of fixed linear inventory costs 
into the UFL model is studied by Nozick and Turnquist in [4]. 
A solution technique for large-scale UFL models is presented 
by Korkel [5]. The non-linear case of UFL models has been 
studied in Mirchandani et al. [6] and Holmberg [7]. In [6], the 
DC costs of annual capitalization, operating and maintenance 
are modelled by the convex part of a non-linear, increasing 
function. The UFL problem with non-linear convex 
transportation costs is studied in [7]. 
 
The single capacitated plant location problem is identical to the 
UFL except for the inclusion of an additional set of capacity 
constraints. The linear multi capacitated plant location problem 
is studied by Amiri [8]. We present a non-linear multi 
capacitated facility location problem. The non-linearity is due 
to inclusion of the variable DC costs. We apply our model to a 
real world supply chain problem with more than 200 000 
binary variables.  
3. Mathematical Model 
The set of customer zones is indexed by 
 
ݎ א ܴ ൌ ሼͳǡ ʹǡ ǥ ǡ݉ െ ͳǡ݉ሽ, 
 
the set of potential DC locations by 
 
݀ א ܦ ൌ ሼͳǡ ʹǡ ǥ ǡ ݊ െ ͳǡ ݊ሽ 
 
and the set of DC capacity levels by 
 
݄ א ܪ ൌ ሼͳǡ ʹǡ ǥ ǡ ߤ െ ͳǡ ߤሽ. 
 
For all ݀ and ݄, let ݔௗ௛ be 1 if a DC with the capacity level ݄ is 
built at location ݀ and 0 otherwise. These are the DC selection 
variables. The second set of binary variables, the assignment 
variables, assigns customer zones to DCs. For all ݀ and ݎ, let 
ݕௗ௥  be 1 if customer zone ݎ is served by DC at location ݀ and 
0 otherwise. 
 
The inequalities  
 
σ ݔௗ௛௛ ൑ ͳǡ      ׊݀ א ܦǡ    (1) 
 
ensure that each selected DC is assigned a single capacity level. 
To ensure that every customer zone is assigned to exactly one 
distribution center, we have the equalities 
 
σ ݕௗ௥ௗ ൌ ͳǡ     ׊ݎ א ܴǤ    (2) 
 
The planning period is a week and so we define the demand 
from customer zone ݎ  to be ݌௥  pallets per week and the 
available output capacity for a DC with capacity index ݄ to be 
ܿ௛  pallets per week. That every DC has the capacity to meet the 
weekly demands of all the customer zones it supplies, is 
captured by the inequalities 
 
σ ݌௥௥ ݕௗ௥ ൑ σ ܿ௛ݔௗ௛ǡ௛    ׊݀ א ܦǤ  (3) 
 
Let ܾ௛  be the weekly fixed costs associated with building a 
distribution center with capacity݄. We assume that these costs 
do not depend on location. Let ݈ௗ௛   be the weekly fixed costs 
associated with the purchase of the land required for a 
distribution center to be built at location ݀ with capacity ܿ௛ . 
These costs depend on location. The DC fixed costs for the DCs 
that are built are denoted by 
 
ܥଵሺݔሻ ൌ σ ܾ௛௛ σ ݔௗ௛ௗ ൅σ σ ݈ௗ௛ௗ௛ ݔௗ௛Ǥ  (4) 
 
Let ݒ௛  be the weekly variable costs of running a DC with 
capacityܿ௛. These variable costs include items such as utilities, 
municipal taxes and labor and only depend on the activity level, 
i.e., the number of pallets shipped. More pallets shipped, less 
variable cost per pallet is charged due to economies of scale. 
The variable DC costs are given by the quadratic function 
 
ܥଶሺݔǡ ݕሻ ൌ σ ݒ௛ σ ݔௗ௛ σ ݌௥௥ௗ௛ ݕௗ௥Ǥ  (5) 
 
The transportation costs are the final element in our objective 
function. We first deal with the out-bound transportation costs, 
that is, the costs of shipping from the DCs to the customer 
zones. Let ݇ௗ௥  be the distance, in kilometers, from the ݀-th 
potential DC location to the ݎ-th customer zone; and let ߱ be 
the cost to transport one pallet a distance of one kilometer. The 
out-bound transportation costs are 
 
ܥଷሺݕሻ ൌ ߱ σ σ ݌௥݇ௗ௥௥ௗ ݕௗ௥Ǥ   (6) 
 
We now consider the fixed suppliers which are serving the 
DCs. There are two complications. First, a single supplier may 
in fact be the unique supplier of more than one product. In this 
case, we simply model the supplier as multiple suppliers, one 
for each product supplied. Second, a single supplier for a might 
have multiple locations. We continue to treat this supplier as a 
single supplier and assume that for a given DC, the closest of 
the supplier locations is the actual supplier. Consequently, 
there are no decisions, i.e., variables, involving the suppliers; 
only the associated transportation costs, which we term the in-
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bound transportation costs. Since each supplier ships a unique 
set of products in different pallet sizes, we allocate to each a 
unique cost per pallet-kilometre. The set of suppliers is indexed 
byݏ. Let ߱௦  be the cost per pallet-kilometer of shipping from 
supplierݏ. Let ᑉ௦ௗ  be the number of kilometers from supplier ݏ 
to the DC at location ݀. In the case when a supplier has multiple 
locations, ᑉ௦ௗ  is the distance from the DC location to the 
nearest supplier location. 
 
As the in-pallets differ according to supplier and since we 
assume that the out-bound pallets are uniform in size and 
content we can define a conversion factor ߩ௦ , the percentage of 
a pallet from supplier ݏ on any out-bound pallet. The total in-
bound transportation cost from all suppliers can be written as 
 
ܥସሺݕሻ ൌ σ σ σ ߱௦௥ௗ௦ ߩ௦ᑉ௦ௗ݌௥ݕௗ௥.            (7) 
 
The objective function is assembled from (4), (5), (6) and (7) 
and is given by 
 
ܥሺݔǡ ݕሻ ൌ ܥ1ሺݔሻ ൅ ܥ2ሺݔǡ ݕሻ ൅ ܥ3ሺݕሻ ൅  ܥ4ሺݕሻǤ (8) 
 
The optimization model is assembled from (1), (2), (3) and (8). 
It is the Binary Quadratic Program (BQP). 
 
BQP 
ܯ݅݊ܥሺݔǡ ݕሻ ൌ ܥ1ሺݔሻ ൅ ܥ2ሺݔǡ ݕሻ + ܥ3ሺݕሻ ൅  ܥ4ሺݕሻ    
Subject to: 
σ ݔௗ௛௛ ൑ ͳ                            ׊݀ א ܦǡ 
σ ݕௗ௥ௗ ൌ ͳ                           ׊ݎ א ܴǡ 
σ ݌௥௥ ݕௗ௥ ൑ σ ܿ௛ݔௗ௛௛           ׊݀ א ܦǡ 
ݔௗ௛ א  ሼͲǡͳሽ                           ׊݀ א ܦǡ ݄ א ܪǡ 
ݕௗ௥ א  ሼͲǡͳሽ                          ׊݀ א ܦǡ ݎ א ܴǤ 
4. Model Simplifications 
In section 5 we will see that we are unable to solve the BQP 
model. We propose three simplifications; clustering, variable 
relaxation, and linearization, to reduce problem size and 
complexity. 
 
4.1 Clustering and Relaxation of the Customer Zones 
 
The first simplification is the clustering of customer zones. The 
BQP model remains unchanged except that ܴ is replaced by 
ܴ௖௟  the set of customer zone clusters and ݇ௗ௥  is replaced by 
݇ௗ௥௖௟  the distance from the DC at location ݀ to the center of 
cluster ݎ א ܴ௖௟ . Let ݌௥ be the demand at cluster ݎ. The second 
simplification is to replace the binary ݕௗ௥  variables with real 
valued variables ݕௗ௥ ൒ Ͳ. The resulting model is called the 
Cluster Mixed Binary Quadratic Program (CMBQP). 
 
4.2 Linearization  
 
The BQP model is quadratic because the DC variable cost 
function (5) is quadratic. We can assign to each DC a variable 
cost based on capacity rather than output by setting 
 
ݔௗ௛ σ ݌௥௥ ݕௗ௥ ൌ  ݔௗ௛ܿ௛   (9) 
 
to yield the modified, linear variable DC cost function 
 
ܥଶ௅ሺݔሻ ൌ σ ݒ௛௛ ܿ௛ σ ݔௗ௛ௗ   .  (10) 
 
This gives the Binary Linear Program (BLP) identical to the 
BQP except that ܥଶሺݔǡ ݕሻ is replaced by ܥଶ௅ሺݔሻ. 
  
The BLP model is similar to Amiri’s [8] except that the 
assignment variables are binary and therefore it is a single-
source supply chain design model. In [8] the assignment 
variables are real valued and therefore the model is for multi-
source supply chain design, i.e., more than one DC can supply 
a single customer zone. 
 
As with BQP, the BLP model can be simplified by clustering 
the customer zones and relaxing the assignment variables. This 
gives us a Cluster Mixed Binary Linear Program (CMBLP). 
For clarity, we give an explicit statement of CMBLP model.  
 
CMBLP 
ܯ݅݊ܥሺݔǡ ݕሻ ൌ ܥଵሺݔሻ ൅ܥଶ௅ሺݔሻ ൅ܥଷ௖௟ሺݕሻ ൅ܥସ௖௟ሺݕሻ  
Subject to: 
σ ݔௗ௛௛ ൑ ͳ                                 ׊݀ א ܦǡ 
σ ݕௗ௥ௗ ൌ ͳ                                 ׊ݎ א ܴ௖௟ǡ 
σ ݌௥௥אோ೎೗ ݕௗ௥ ൑ σ ܿ௛ݔௗ௛௛          ׊݀ א ܦǡ 
ݔௗ௛ א  ሼͲǡͳሽ                                 ׊݀ א ܦǡ ݄ א ܪǡ 
ݕௗ௥ ൒ Ͳ                                       ׊݀ א ܦǡ ݎ א ܴ௖௟ǡ 
 
where ܥଵሺݔሻ and ܥଶ௅ሺݔሻ are given in (4) and (10), respectively, 
  




ܥସ௖௟ሺݕሻ ൌ σ σ σ ߱௦௥אோ೎೗ௗ௦ ߩ௦ᑉ௦ௗ݌௥ݕௗ௥ . 
5. Case Study 
We have 2,976 customer zones, 83 potential DC locations, 5 
potential DC sizes and 47 suppliers. The customer zones were 
clustered according to the first two characters of their postal 
code creating 133 clusters. We will compare the performance 
of the four models, namely, BQP, CMBQP, BLP and CMBLP. 
The number of variables and constraints of each model is given 
in Table 1. We used LINGO 14.0 x64 on a DELL server with 
64 MG of RAM and two 2.50 GHz CPUs and set a time limit 
of 20 hours. 
 
After 20 hours LINGO failed to return even a feasible solution 
for BQP.  In Table 1, we marked “Fail” in the BQP column. 
The CMBQP and BLP also ran for 20 hours and the best 
objective function value obtained is recorded in Table 1. The 
CMBLP was solved in 0.42 hours. Table 1 provides the number 
of Lingo iterations performed as well as the best objective 
function lower bound. The selected DCs and their 
corresponding capacity level for CMBQP, BLP and CMBLP 
models are reported in Table 2. 
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The CMBQP and CMBLP solutions yield cluster-to-DC 
assignment. We take the selected DCs obtained from the 
solutions and use them as input to BLP to get the customer 
zone-to-DC assignment, i.e., to “uncluster” the customer 
zones. Even though the assignment variables are relaxed in the 
CMBLP model, most of them are binary valued in the solution. 
 
We compare the solutions of the CMBQP, BLP and CMBLP 
models by ranking them according to the BQP objective 
function value. The results in Table 3 show that the BLP returns 
the best solution. 
 
Table 1: Computational Results 
 BQP CMBQP BLP CMBLP 
Variables 247 423 11 454 247 423 11 454 
Constraints 3 143 300 3 143 300 
Iterations x 106 Fail 21.7 8.56 5.13 
Time (Hours) Fail 20 20 0.42 
Objective Fail 4 285 730 3 691 694 4 324 026 
Bound Fail 3 826 060 3 567 826 4 324 026 
Status Fail Feasible Feasible Optimal 
 
 
Table 2. Selected DCs (Identification number and capacity) 
Capacity CMBQP BLP CMBLP 
500 - - - 
2 500 #63 - #22, #31 
4 000 - - #63 
5 000 - - - 
10 000 #31, #49 #50,#54 #44 
 
Table 3. BQP Objective Function Values 
                                                             Objective Function Value 
BLP                         3 637 260 
CMBLP 3 789 490 
CMBQP 3 730 640 
 
We ran CMBQP with 2 different sets of initial values for DC 
selection variables and ran LINGO for 20 hours. The first set 
of initial values selected DCs #16 (4 000 capacity), #44 
(10 000) and #63 (5 000), i.e., DCs near high demand areas. 
The second set picked two DCs in the center of the network and 
one each in west and east. They are DCs #22 (2 500), #44 
(10 000), #70 (4 000) and #31 (2 500). The results are in Table 
4. The results from the original LINGO solution are called 
“cold” and the other two solutions are called “warm 1” and 
“warm 2”, referring to cold and warm starts for LINGO. 
 
From Table 4 we see the objective function values are same for 
all starting points; however, the lower bound changes with the 
starting point. The tightest lower bound is from the second 
initial point. This lower bound is for the CMBQP objective not 
for the BQP objective so it does not contradict the results in 
Table 3. 
 
Table 4. CMBQP with Different Starting Points. 
 Cold Warm 1 Warm 2 
Objective 4,285,730 4,285,730 4,285,730 
Objective Bound 3,826,060 3,703,100 3,845,400 
6. Conclusion 
The BLP solution yields the best BQP objective function value 
and therefore the best supply chain design. The CMBLP 
solution had a 4.2% higher cost but took less than one fortieth 
of the time to obtain. We suggest that in the initial stages of 
supply chain design the CMBLP model be used and in the final 
design phase the BLP model to get the unclustered solution. 
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